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ON THE EXPONENTIAL LOCAL-GLOBAL PRINCIPLE FOR
MEROMORPHIC FUNCTIONS AND ALGEBRAIC FUNCTIONS
HSIU-LIEN HUANG, ANDREAS SCHWEIZER, AND JULIE TZU-YUEH WANG
Abstract. We prove the rank one case of Skolem’s Conjecture on the expo-
nential local-global principle for algebraic functions and discuss its analog for
meromorphic functions.
1. Introduction and results
Let K be a number field and S a finite set of places of K containing all the
archimedean places. Denote by OS := {α ∈ K : |α|v ≤ 1 for places v /∈ S} the
ring of S-integers and by O∗S := {α ∈ K : |α|v = 1 for places v /∈ S} the group
of S-units. Let λ1, . . . , λm be non-zero elements in OS and α1, . . . , αm in O∗S . For
every n ∈ Z, we consider the following power sum with respect to λi and αi,
A(n) := λ1α
n
1 + · · ·+ λmαnm ∈ OS .
The following conjecture was suggested by Skolem in [6].
Conjecture 1 (Exponential local-global principle). Assume that for every non-
zero ideal a of the ring OS , there exists k ∈ Z such that A(k) ∈ a. Then there
exists n ∈ Z such that A(n) = 0.
Recently, Bartolome, Bilu and Luca [1] proved this conjecture for the case when
the rank of the multiplicative group generated by α1, . . . , αm is one. Their proof
relies on the gcd theorem of Corvaja and Zannier [2] and a celebrated inequality of
Baker (see the first two contributions in [10]). We refer to [1] for the statements of
these theorems and also a survey of results related to Conjecture 1.
Due to some interesting analogy between Diophantine approximation and Nevan-
linna theory, we are also interested in the corresponding statements for complex
meromorphic functions. Denote by R the ring of entire functions and by R∗ its
group of units (i.e. entire functions without zeros). Also,M is the field of functions
that are meromorphic in the complex plane. Occasionally we write Un for the group
of n-th roots of unity.
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Let λ1, . . . , λm be non-zero elements in R and f1, . . . , fm in R∗. For every n ∈ Z,
we define the power sum with respect to λi and fi by
B(n) := λ1f
n
1 + · · ·+ λmfnm ∈ R.
It is tempting to ask the following question which seems to be the analogue of
Conjecture 1 in the complex case.
Question 1. Assume that for every non-zero ideal a of the ring R, there exists
k ∈ Z such that B(k) ∈ a. Then there exists n ∈ Z such that B(n) = 0.
However, this question might be too naive since it has an easy answer due to
the following reason: The assumption implies that for each z0 ∈ C there exists
k ∈ Z such that B(k)(z0) = 0. Therefore, there exists n ∈ Z such that B(n) has
uncountably many zeros which is impossible as B(n) is an entire function. This
observation brings out the difference between the complex case and the arithmetic
case, and also indicates that the assumption should be loosened up. Instead of
considering all ideals in R, we will restrict ourselves to more specific conditions.
Let more generally fi, λi ∈ M∗. If the multiplicative group generated by the fi
has rank 1, it is a finitely generated group of rank 1, so it is a direct product of
its (finite) torsion subgroup and an infinite cyclic group. But a torsion element in
M∗ can only be a function that is identically equal to a root of unity. Choosing a
generator f of the infinite cyclic part, we can write
fi = ǫif
ri
with ǫi a root of unity and ri ∈ Z. This form will be the most convenient to
formulate our results.
Basic notation, definitions and results will be collected in Section 2.1.
Theorem 2. Let f be a non-constant meromorphic function and λ1, . . . , λm mero-
morphic functions such that there exists ̺ < 1 with
Tλi(r) ≤
̺
m+ m˜
Tf (r) + Sf (r)
for i = 1, . . . ,m, where m˜ is the number of λi that are not entire. Fix an m-tuple
of integers (r1, . . . , rm) and an m-tuple of roots of unity (ǫ1, ..., ǫm) and let
B(n) := λ1(z)(ǫ1f
r1(z))n + · · ·+ λm(z)(ǫmf rm(z))n.
Let N = max{r1, . . . , rm} − min{r1, . . . , rm}. Fix an integer e > 21−̺ such that
ǫei = 1 for all i = 1, 2, . . . ,m. Let a be a positive integer such that
p1+ordpa−ordpe > N +
2
1− ̺
for every prime divisor p of e. (This implies of course e|a.) Assume that there
exists an integer k such that B(k) vanishes at every zero of fa − 1.
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If e divides k, then λ1 + · · ·+ λm ≡ 0, i.e. B(0) vanishes identically.
If e does not divide k, then
∑
λiǫ
k
iX
ri ∈ M[X,X−1] is the zero polynomial; so
in particular B(k) vanishes identically.
Remark 3. (1) If (at least) one ri is different from all the other ones and the
corresponding λi does not vanish identically, then the case e 6 | k, that is∑
λiǫ
k
iX
ri being the zero polynomial, can of course not occur.
(2) When f is an entire function, we can use ∞ as one of the points when
applying the truncated second main theorem in the proof of Theorem 2
and obtain q − 1 ≤ q̺, that is q ≤ 11−̺ . So in this case the conditions can
be relaxed to e > 11−̺ and p
1+ordpa−ordpe > N + 11−̺ .
If f is an entire function without zeroes, they can even be relaxed to
e > 0 and p1+ordpa−ordpe > N . If in that case moreover all ǫi are equal to
1, we can take e = 1, and then there are no conditions at all on a. In this
special case, vanishing of one B(k) at the zeroes of f − 1 does indeed imply
λ1 + · · ·+ λm ≡ 0.
Example 4. Let
B(n) = f4n + f3n + (−f2)n + (−f)n = fn(fn + 1)(f2n + (−1)n).
Obviously no B(k) vanishes identically. But if k is odd, then B(k) vanishes at all
zeroes of f2k− 1. So, although ǫ2i = 1, we cannot avoid requiring 4|a in Theorem 2.
Also, if a is any positive integer, then B( agcd(2,a) ) vanishes at all zeroes of f − ξ
for all primitive a-th roots of unity ξ.
In Theorem 2 we assume that for a certain integer a there exists an integer k
such that B(k) vanishes at all zeroes of fa − 1. Then we prove that this B(k) or
B(0) vanishes identically. The following example shows that the growth condition
in Theorem 2 is the weakest one under which such a statement holds.
Example 5. Let f = e2z and
B(n) = ezf2n − e−zfn = e−zfn(fn+1 − 1).
Then Tλi(r) ≤ 1mTf (r) + Sf (r). For every positive integer a there exist infinitely
many nonnegative integers k such that B(k) vanishes at all zeroes of fa−1. (Simply
take k = a− 1, 2a− 1, . . ..) But the only B(n) that vanishes identically is B(−1).
It is natural to consider next the case when the coefficients λi of B(n) are of the
same growth as f . Unfortunately, this seems to be out of reach, at least for now.
However, for the case of algebraic functions f there is no difficulty to work out the
situation when the coefficients λi of B(n) are algebraic functions. The second part
of this paper is to prove this function field analogue.
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Let K be an algebraic function field (of one variable) over an algebraically closed
field k. Let C be the smooth projective curve defined over k associated to K and
write g for the genus of K (or equivalently, of C). For each point p ∈ C, we
may choose a uniformizer tp to define a normalized order function vp := ordp :
K → Z ∪ {∞} at p. Let S be a set of finitely many points of C. Denote by
OS := {f ∈ K : vp(f) ≥ 0 for p ∈ C \ S} the ring of S-integers and O∗S := {f ∈
K : vp(f) = 0 for p ∈ C \ S} the group of S-units. Then Conjecture 1 can be
formulated for the algebraic function field case identically. In particular, we will
prove the following theorem which is a stronger analogue of [1] in function fields.
Theorem 6. Let K be an algebraic function field with algebraically closed constant
field k of characteristic 0. Let λ1, . . . , λm and f be non-zero elements in K. Let
S be a set of finitely many points of C such that λ1, . . . , λm ∈ OS and f is a unit
in OS. Fix an m-tuple of integers (r1, . . . , rm) and an m-tuple of roots of unity
(ǫ1, ..., ǫn) and let
B(n) := λ1(ǫ1f
r1)n + · · ·+ λm(ǫmf rm)n.
Assume that for every positive integer a there exists k ∈ Z such that vp(B(k)) ≥
min{1, vp(fa − 1)} for all p ∈ C \ S. In other words, B(k) vanishes at all zeros of
fa − 1 that are not in S. Then there exists n ∈ Z such that B(n) = 0.
Remark 7. (1) For the rank one case for number fields, it follows from the
proof of [1] that the local condition can be relaxed to “for every positive
integer a there exists k ∈ Z such that B(k) is contained in the principal
ideal (αa − 1) of OS where α ∈ O∗S is the generator of the free part of the
rank one subgroup under consideration in [1]. Moreover, if one assumes the
generalized abc-conjecture from [8], one can conclude the same statement
as the above theorem by adapting our arguments.
(2) The analogue of [1] for global function fields, i.e. k is a finite field, was
proved by Chia-Liang Sun recently in [7] with a different approach.
When the height of λi is “small” compared to the height of f , one can give a
stronger result that, moreover, is valid in positive characteristic as well.
Theorem 8. Let K be an algebraic function field with algebraically closed constant
field k of characteristic p ≥ 0. Let f be nonconstant in K and S be a set of finitely
many points of C such that f ∈ OS. Let λ1, . . . , λm be non-zero elements in OS
such that there exists ρ < 1 such that
m∑
i=1
h(λi) ≤ ρh(f)
degins(f)
,
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where degins(f) = 1 if p = 0 and degins(f) = p
ℓ if p > 0 and f ∈ Kpℓ \Kpℓ+1 . Fix
an m-tuple of integers (r1, . . . , rm) and an m-tuple of roots of unity (ǫ1, ..., ǫn) and
let
B(n) := λ1(ǫ1f
r1)n + · · ·+ λm(ǫmf rm)n.
Let N = max{r1, . . . , rm}−min{r1, . . . , rm}. Fix an integer e > 2−ρ1−ρ(2g+ |S|) such
that ǫei = 1 for all i = 1, 2, . . . ,m. (We may also assume that e is not divisible by
p if p > 0.) Let a be a positive integer such that
q1+ordpa−ordpe > N +
2− ρ
1− ρ (2g+ |S|)
for every prime divisor q of e. (This implies of course e|a.) Assume that there
exists an integer k such that vp(B(k)) ≥ min{1, vp(fa − 1)} for all p ∈ C \ S.
If e divides k, then λ1 + · · ·+ λm ≡ 0, i.e. B(0) vanishes identically.
If e does not divide k, then
∑
λiǫ
k
iX
ri ∈ K[X,X−1] is the zero polynomial; so
in particular B(k) vanishes identically.
The structure of the proof of Theorem 6 is based on [1]. The first ingredient,
the gcd theorem in function fields of characteristic zero, was established again by
Corvaja and Zannier in [3]. The second ingredient of the proof in [1], i.e. the
inequality of Baker, will be replaced by the (truncated) second main theorem for
algebraic functions from [9]. Indeed, the inequality of Baker used in [1] can be
replaced by Roth’s theorem. The proof of Theorem 2 relies on Nevanlinna’s theory.
2. The Complex Case
2.1. Preliminaries on Nevanlinna Theory. We will set up some notation and
definitions in Nevanlinna theory for complex meromorphic functions and recall some
basic results. We refer to [4, Chapter VI ] or [5, Chapter 1] for details.
Let f be a meromorphic function and z ∈ C. Denote by
ord+z (f) := max{0, ordz(f)}, and ord−z (f) := −min{0, ordz(f)}.
The counting function of f at ∞ is defined by
Nf(r,∞) :=
∑
0<|z|≤r
ord−z (f) log |
r
z
|+ ord−0 (f) log r.
Then define the counting function Nf (r, a) for a ∈ C to be
Nf (r, a) := N1/(f−a)(r,∞).
The truncated counting function of f at ∞ is defined by
Nf (r,∞) :=
∑
0<|z|≤r
min{1, ord−z (f)} log |
r
z
|+min{1, ord−0 (f)} log r.
Then define the truncated counting function Nf (r, a) for a ∈ C to be
Nf (r, a) := N1/(f−a)(r,∞).
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The proximity function mf(r,∞) is defined by
mf (r,∞) :=
∫ 2π
0
log+ |f(reiθ)| dθ
2π
,
where log+ x = max{0, logx}. For any a ∈ C, the proximity function mf (r, a) is
defined by
mf (r, a) := m1/(f−a)(r,∞).
The characteristic function of f is defined by
Tf (r) := mf (r,∞) +Nf (r,∞).
Finally, we write Sf (r) for any real function h(r) for which
h(r)
Tf (r)
→ 0 as r →∞, r /∈ E
where E is an exceptional set of finite Lebesgue measure.
We now recall the main theorems.
Theorem 9 (First Main Theorem). Let f be a non-constant meromorphic func-
tion on C. Then for every a ∈ C, and any positive real number r,
mf(r, a) +Nf (r, a) = Tf (r) +O(1),
where O(1) is a constant independent of r.
Theorem 10 (Truncated Second Main Theorem). Let f be a non-constant
meromorphic function on C, and a1, . . . , aq be distinct elements in C∪ {∞}. Then
for r > 0,
(q − 2)Tf (r) ≤exc
q∑
i=1
Nf (r, ai) +O(log
+ Tf (r)),
where ≤exc means the estimate holds except for r in a set of finite Lebesgue measure.
2.2. Proof of Theorem 2.
Proof of Theorem 2. Without loss of generality we assume r1 ≤ r2 ≤ . . . ≤ rm. Let
Pk(X) :=
m∑
i=1
λi(z)ǫ
k
iX
ri−r1 ∈M[X ].
Then B(k) = f r1kPk(f
k). By basic properties of characteristic functions, we have
TPk(γ)(r) ≤ m ·max{Tλ1(r), · · · , Tλm(r)} ≤
m̺
m+ m˜
Tf(r) + Sf (r)
for any complex number γ.
Now let ξ be an a-th root of unity and z0 a zero of f−ξ. Then for each integer ℓ,
f ℓ(z) can be expressed as ξℓ + (z− z0)gℓ(z) where gℓ(z) is a meromorphic function
with ordz0gℓ(z) ≥ 0. From
λi(z)ǫ
k
i f
rik(z) = ξr1kλi(z)ǫ
k
i (ξ
k)ri−r1 + λi(z)ǫ
k
i (z − z0)grik(z)
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we obtain
B(k) = ξr1kPk(ξ
k) +
m∑
i=1
ǫki λi(z)(z − z0)grik(z).
As B(k) vanishes at z0, we see that every zero of f − ξ that is not a pole of any λi
is a zero of Pk(ξ
k). Consequently
Nf (r, ξ) −
m∑
i=1
Nλi(r,∞) ≤ NPk(ξk)(r, 0).
Thus, either Pk(ξ
k) ≡ 0 or from Theorem 9 and the above we get
Nf (r, ξ) ≤ NPk(ξk)(r, 0) +
m∑
i=1
Nλi(r,∞)
≤ TPk(ξk)(r) +
m˜̺
m+ m˜
Tf (r) + Sf (r) ≤ ̺Tf(r) + Sf (r).
Let ξ1, . . . , ξq be all a-th roots of unity with Pk(ξ
k) 6≡ 0. Then from Theorem 10
and the above we get
(q − 2)Tf(r) ≤
q∑
i=1
Nf (r, ξi) + Sf (r) ≤ q̺Tf (r) + Sf (r).
This shows q − 2 ≤ q̺, or equivalently q ≤ 21−̺ .
If e divides k, since e > 21−̺ there exists at least one e-th root of unity ξ with
0 ≡ Pk(ξk) ≡ Pk(1) ≡ λ1(z) + · · ·+ λm(z),
which proves the first claim of the theorem.
Now we treat the case e 6 | k. Let b = a/ gcd(a, k). Since there exists a prime p
with ordpe > ordpk, by the assumptions of the theorem, we have b > N +
2
1−̺ .
Now raising to the k-th power is a surjective homomorphism from Ua to Ub. So
there are at least N + 1 different b-th roots of unity, say β0, β1, . . . , βN , with
Pk(βi) ≡ 0.
Since Pk(X) ∈ M[X ] is a polynomial of degree at most N , we can write it as
Pk(X) =
∑N
j=0 cj(z)X
j with cj(z) ∈ M. Then we have
N∑
j=0
cj(z)β
j
i ≡ 0 for i = 0, 1, . . . , N.
This means that the vector in MN+1 with components c0(z), . . . , cN (z) lies in the
kernel of the Vandermonde matrix M = ((βji ))0≤i,j≤N . As M is invertible, this is
only possible if all cj(z) vanish identically, i.e. if Pk(X) is the zero polynomial. So
we have proved that e 6 | k implies B(k) ≡ 0. 
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3. Algebraic function fields
3.1. Preliminaries on Value Distribution Theory. LetK be an algebraic func-
tion field over an algebraically closed field k. Let C be the smooth projective curve
defined over k associated to K and write g for the genus of K (or equivalently, of
C).
We first define valuations and height functions on the function field K. For each
point p ∈ C, we may choose a uniformizer tp to define a normalized order function
vp := ordp : K→ Z ∪ {∞} at p. For f ∈ K, the (relative) height is defined by
h(f) = hK(f) :=
∑
p∈C
−min{0, vp(f)}.
Viewing f as a morphism from C to P1, then the degree of f equals h(f). As the
number of zeros (counting multiplicity) of an algebraic function f equals its number
of poles, we have
h(f−1) = h(f).
For x = [x0 : ... : xn] ∈ Pn(K), the projective height is defined by
h(x) = hK(x) :=
∑
p∈C
−min{vp(x0), ..., vp(xn)}
which is independent of the choice of the representative vector (x0, ..., xn).
Let A(X) = anX
n + an−1X
n−1 + · · ·+ a1X + a0 ∈ K[X ] with an 6= 0. Denote
by
vp(A) := min{vp(a0), ..., vp(an)} for p ∈ C.
The height of A is defined by
h(A) := hK([a0 : ... : an]) = −
∑
p∈C
vp(A).
We recall that Gauss’ lemma in this context says that
vp(AB) = vp(A) + vp(B),(3.1)
where A and B are in K[X ] and p ∈ C. Consequently, we have that
h(AB) = h(A) + h(B).(3.2)
In particular, if A(X) =
∏m
i=1(X − βi) with βi ∈ K, then
h(A) =
m∑
i=0
h(βi).(3.3)
Let S be a set containing a finite number of points of C and β a non-zero element
in K. The truncated counting function with respect to S is defined by
NS(β) :=
∑
p∈C\S
min{1,max{0, vp(β)}}.
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The following version of the second main theorem for K can be easily obtained
from [9, Theorem 1].
Theorem 11. Let p ≥ 0 be the characteristic of K, S a set containing a finite
number of points of C and b1, ..., bq distinct elements in k. If f /∈ k, then
(q − 2) h(f)
degins(f)
≤
q∑
i=1
NS(f − bi) + χS ,
where degins(f) = 1 if p = 0 and degins(f) = p
ℓ if p > 0 and f ∈ Kpℓ \Kpℓ+1 , and
χS = 2g− 2 + |S|.
Corollary 12. Let p ≥ 0 be the characteristic of K, S a set containing a finite
number of points of C and b1, ..., bq distinct elements in k. If f /∈ k and f − bi,
1 ≤ i ≤ q, are S-units, then q ≤ 2g+ |S|.
Let f , g be non-zero element in OS . The counting function and the truncated
counting function of the greatest common divisor of f and g in OS are denoted by
NS(gcd(f, g)) :=
∑
p∈C\S
min{vp(f), vp(g)},
and
NS(gcd(f, g)) :=
∑
p∈C\S
min{1, vp(f), vp(g)}.
The following theorem on greatest common divisors over function fields is due to
Corvaja and Zannier [3, Corollary 2.3].
Theorem 13. Let the characteristic of K be zero and S be a set containing a finite
number of points of C. Let a, b ∈ O∗S be S-units, not both constant. If a, b are
multiplicatively independent, we have
NS(gcd(1− a, 1− b)) ≤ 3 3
√
2(h(a)h(b)χS)
1
3 ,
where χS = 2g− 2 + |S|.
3.2. Proofs of Theorems 6 and 8.
Theorem 8. Without loss of generality we assume r1 ≤ r2 ≤ . . . ≤ rm. Let
Pk(X) :=
m∑
i=1
λiǫ
k
iX
ri−r1 ∈ K[X ].
Then B(k) = f r1kPk(f
k). By basic properties of height functions, we have
h(Pk(γ)) ≤
m∑
i=1
h(λi) ≤ ρh(f)
degins(f)
for any γ ∈ k.
By Corollary 12, there are at most 2g+ |S| non-zero c in k such that f − c is an
S-unit as f is non-constant in OS . Therefore, there are at least a − 2g − |S| a-th
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roots of unity ξ such that f − ξ is not an S-unit. Consequently, f − ξ has a zero
outside of S. Without loss of generality, we assume that ξi, 1 ≤ i ≤ a − 2g − |S|,
are distinct a-th roots of unity such that f − ξi ∈ OS \ O∗S .
Now let p0 ∈ C \ S be a zero of f − ξi for some 1 ≤ i ≤ a − 2g − |S|. Then
for each integer j, f j can be expressed as ξji + gj where gj ∈ OS with vp0(gj) ≥ 1.
From
λiǫ
k
i f
rik = ξr1kλiǫ
k
i (ξ
k)ri−r1 + λiǫ
k
i grik
we obtain
B(k) = ξr1kPk(ξ
k) +
m∑
i=1
ǫki λigrik.
As B(k) vanishes at p0, we see that Pk(ξ
k
i ) vanishes at p0 as well. Consequently
NS(f − ξi) ≤ NS(Pk(ξki )).
Thus, either Pk(ξ
k
i ) ≡ 0 or from the above we get
NS(f − ξi) ≤ NS(Pk(ξki ))
≤ h(Pk(ξki )) ≤
m∑
i=1
h(λi) ≤ ρh(f)
degins(f)
.(3.4)
Let ξ1,...,ξq be all a-th roots of unity with f − ξi 6∈ O∗S and Pk(ξki ) 6≡ 0. Then from
Theorem 11 and the above we get
(q − 2) h(f)
degins(f)
≤
q∑
i=1
NS(f − ξi) + 2g− 2 + |S| ≤ qρ h(f)
degins(f)
+ 2g− 2 + |S|.
This shows q − 2− qρ ≤ 2g− 2 + |S| since h(f)degins(f) ≥ 1. Consequently, q ≤
2g+|S|
1−ρ .
We may rearrange the order of the a-th roots of unity ξi again and assume that
Pk(ξ
k
i ) ≡ 0 for 1 ≤ i ≤ a− 2−ρ1−ρ(2g+ |S|).
The rest of the argument is identical to the last part of the proof of Theorem 2
and will be omitted. 
Some parts of the proof of Theorem 6 are similar to the number field case in
[1]. We will omit some arguments that are similar to the number field case. We
first note that it suffices to prove Conjecture 1 for the case when the multiplicative
group generated by α1, . . . , αm is torsion-free. (cf. [1, Section 4.1]) Similarly, we
may assume that the multiplicative group generated by ǫ1f, . . . , ǫmf is torsion free.
Hence, it suffices to show the following for the proof of Theorem 6.
Theorem 14. Let S be a set of finitely many points of C and let λ1, . . . , λm ∈ OS
and f ∈ O∗S. Fix an m-tuple of pairwise distinct integers (r1, . . . , rm) and let
B(n) := λ1f
r1n + · · ·+ λmf rmn.
Assume that for every positive integer a there exists k ∈ Z such that vp(B(k)) ≥
min{1, vp(fa − 1)} for all p ∈ C \ S. Then there exists n ∈ Z such that B(n) = 0.
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Without loss of generality, we assume that r1 < r2 < . . . < rm. Then we write
B(n) = λmf
r1nP (fn),
where
P (T ) = T rm−r1 +
λm−1
λm
T rm−1−r1 + . . .+
λ1
λm
.
We assume that P (fk) 6= 0 for all k ∈ Z. We also note that P (fk) = 0 is equivalent
to B(k) = 0. We will first find an integer a and use the assumption of Theorem
14 to obtain an integer n such that vp(P (f
n)) ≥ min{1, vp(fa − 1)} for p ∈ C \ S.
We then derive a contradiction with our assumption that P (fk) 6= 0 for all k ∈ Z.
Consequently, this shows that there exists an integer k such that P (fk) = 0 and
hence B(k) = 0.
Similar to the number field case, we assume that P (T ) splits into linear factors
in K by replacing K by a finite extension of K. We may also enlarge the size of S
such that all the zeros of P (T ) are S-units.
We split the polynomial P (T ) into two factors: P (T ) = Pind(T )Pdep(T ), such
that each of the roots of Pind(T ) is multiplicatively independent of f , and those of
Pdep(T ) are multiplicatively dependent with f . We take q = 2 if all the roots of
P (T ) are multiplicatively independent with f . Otherwise, we may choose a smallest
positive integer q such that βq is a power of f for every root β of Pdep(T ), i.e.
βq = f rβ with rβ ∈ Z. We note that q 6= 1 since we have assumed that P (fk) 6= 0
for all k ∈ Z. Now choose a prime integer p, not dividing q, such that rβ − rβ′ is
not divisible by p for all zeros β and β′ of Pdep(T ) such that rβ 6= rβ′ . Recall that
for a positive integer k, we denote by Φk(T ) the k-th cyclotomic polynomial, i.e.
Φk(T ) =
∏
µ(T − µ), where µ runs over all primitive k-th roots of unity. Let
a = pℓq, and g = Φpℓ(f)Φpℓq(f),
where the positive integer ℓ will be specified later. We need the following two
lemmas.
Lemma 15. Let n be an integer. Then, either NS(gcd(Pdep(f
n),Φpℓ(f))) = 0 or
NS(gcd(Pdep,(f
n),Φpℓq(f))) = 0.
Lemma 16. NS(gcd(Pind(f
n), g)) ≤ 3 3√2 degP · χ
1
3
S · [pℓqh(f) + h(P )]
2
3 , where
h(P ) := h(λ1, ..., λm).
We will now prove Theorem 14 by assuming Lemma 15 and Lemma 16.
Proof of Theorem 14. Let a = pℓq and g = Φpℓ(f)Φpℓq(f) be as defined above.
First of all, it follows from the assumption that there exists an integer n such that
vp(P (f
n)) ≥ min{1, vp(fa − 1)} for p ∈ C \ S. Since fa − 1 is divisible by g, it
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implies that
NS(gcd(P (f
n), g) = NS(g) = NS(Φpℓ(f)Φpℓq(f))
=
∑
ξ
NS(f − ξ) +
∑
η
NS(f − η),
where ξ runs through all primitive pℓ-th roots of unity and η runs through all
primitive pℓq-th roots of unity. Together with Theorem 11, we have
NS(gcd(P (f
n), g)) ≥ (ϕ(pℓ) + ϕ(pℓq)− 2)h(f)− χS .(3.5)
Secondly, since P (T ) = Pind(T )Pdep(T ), we have
NS(gcd(P (f
n), g)) ≤ NS(gcd(Pind(fn), g)) +NS(gcd(Pdep(fn), g)).(3.6)
It follows from Lemma 15 that
NS(gcd(Pdep(f
n), g))
= max{NS(gcd(Pdep(fn),Φpℓ(f))), NS(gcd(Pdep(fn),Φpℓq(f)))}
≤ max{NS(Φpℓ(f)), NS(Φpℓq(f))}
≤ ϕ(pℓq)h(f).(3.7)
It then follows from (3.5), (3.7) and Lemma 16 that we have
(ϕ(pℓ)− 2)h(f)− χS ≤ 3 3
√
2 degPχ
1
3
S [p
ℓqh(f) + h(P )]
2
3 .
Since h(f) is a positive integer, this inequality is impossible if ℓ is taken to be
sufficiently large. This contradiction implies that there must be an integer n such
that P (fn) = 0 and hence B(n) = 0. 
It is now left to show Lemma 15 and Lemma 16.
Proof of Lemma 15. The assertion holds trivially, if degPdep(T ) = 0. Therefore,
we assume that degPdep(T ) ≥ 1. Suppose that NS(gcd(Pdep(fn),Φpℓ(f))) 6= 0 and
NS(gcd(Pdep(f
n),Φpℓq(f))) 6= 0. Then there exist two point p and q in C \ S
such that vp(Pdep(f
n)), vp(Φpℓ(f)), vq(Pdep(f
n)) and vq(Φpℓq(f)) are all positive.
Consequently, fn(p) = β(p) for some β to be a root of Pdep(T ), and f(p) is a
primitive pℓ-th root of unity; fn(q) = β˜(q) for some β˜ to be a root of Pdep(T ), and
f(q) is a primitive pℓq-th root of unity. By the construction of q, we may write
βq = f r and β˜q = f r
′
. Then fnq − βq = fnq − f r. Since f is an S-unit, f(p) 6= 0.
Then fn(p) = β(p) implies that
fnq−r(p) = 1.(3.8)
As f(p) is a primitive pℓ-th root of unity, nq − r is divisible by pℓ. Similarly, the
conditions on the point q imply that nq − r′ is divisible by pℓq. Hence, r − r′ is
divisible by pℓ. However, our choice of p implies that r must equal r′. Therefore,
nq − r is divisible by pℓq and hence r is divisible by q. The relation βq = f r then
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implies that we may write β = ξf i where i is an integer and ξq = 1. Then fn−β =
fn − ξf i. Since f is an S-unit, this implies that vp(fn−i − ξ) = vp(fn − β) > 0.
Therefore, fn−i(p) = ξ and hence f q(n−i)(p) = 1. Then pℓ|q(n− i) since f(p) is a
primitive pℓ-th root of unity. Since q is not divisible by p, it follows that pℓ|(n− i).
Then, ξ = fn−i(p) = 1 which implies that β = f i contradicting our assumption
that P (fk) 6= 0 for all k ∈ Z. 
Proof of Lemma 16. Let β be a zero of Pind(T ). We will first show that for any
integer n,
NS(gcd(f
n − β, fpℓq − 1)) ≤ 3 3
√
2χ
1
3
S [p
ℓqh(f) + h(P )]
2
3 .(3.9)
To show this assertion, we may assume that 0 ≤ n ≤ pℓq since n ≡ n′mod (pℓq)
implies that fn ≡ fn′ mod (fpℓq − 1) in the ring OS .
Since β is an S-unit by our assumption,
NS(gcd(f
n − β, fpℓq − 1)) = NS(gcd(β−1fn − 1, fp
ℓq − 1)).
Theorem 13 then implies that
NS(gcd(f
n − β, fpℓq − 1)) ≤ 3 3
√
2χ
1
3
S [h(β
−1fn)h(fp
ℓq)]
1
3 .(3.10)
By basic properties of height functions, we have
h(β−1fn)h(fp
ℓq) ≤ pℓqh(f)(nh(f) + h(β))
≤ pℓqh(f)(pℓqh(f) + h(P )) ( by (3.3))
≤ (pℓqh(f) + h(P ))2(3.11)
Then (3.9) follows from (3.10) and (3.11). Since
NS(gcd(Pind(f
n), fp
ℓq − 1)) ≤
∑
β
NS(gcd(f
n − β, fpℓq − 1)),(3.12)
where β runs through the zeros of Pind(T ), we may deduce from (3.9) that
NS(gcd(Pind(f
n), fp
ℓq − 1)) ≤ 3 3
√
2 degPχ
1
3
S [p
ℓqh(f) + h(P )]
2
3 .(3.13)
The assertion of the Lemma then follows immediately since fp
ℓq − 1 is divisible by
g = Φpℓ(f)Φpℓq(f). 
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